We theoretically analyze guided modes in optically active and passive double-slot plasmonic waveguides. We show that for one of the two different mode symmetries supported by the waveguide, a most productive guiding condition can be realized by adjusting the thicknesses of the layers to optimal values. We also derive approximate analytic expressions to calculate the optimal geometrical parameters of the waveguide. Interestingly, our analysis shows that the propagation losses associated with the inverse mode symmetry of the double-slot waveguide are comparatively low, regardless of the dimensions of the waveguide. We further show that the propagation losses become the smallest in the limiting case of a single-slot (metal-dielectric-metal (MDM)) waveguide. For both double-and single-slot waveguides, we show that the gain required to overcome the losses can be reduced by choosing a dielectric with a low refractive index. We also derive accurate analytical expressions to readily estimate the critical gain and modal gain of the waveguides.
Introduction
Guiding optical modes in nanostructures has been a hot topic among many research groups over the past few decades due to its revolutionary applications in areas such as bio-sensing [1] , scanning near-field optical microscopy [2, 3] , ultra-fast optical computing, and realization of plasmonic-circuit elements such as couplers, switches, and interconnects [4] [5] [6] [7] [8] . Optical energy may be transported in subwavelength scale by the form of plasmons in metal-dielectric structures [9, 10] , which can be of different geometries, e.g., planar waveguides [11, 12] , waveguides with square [13] and triangular [14] cross sections, cylindrical waveguides [15] [16] [17] [18] , gap waveguides [19, 20] and coupled nanoparticles [21] [22] [23] . The major drawback of plasmonic waveguides from the viewpoint of their applications at optical and telecommunication frequencies is the inherent losses of their metal constituents. A possible way of battling the effects of metal losses is to pump the dielectric to provide optical gain [20, [24] [25] [26] . However, owing to practical limitations, such as the temperature of operation and material properties of the gain medium, it is not possible to increase the pump power as desired in practice. Hence, it is essential that the waveguide is optimally designed in such a way that the required gain is minimal [11, 16, 27] .
The modal solution corresponding to the propagation of surface plasmon polaritons (SPPs) along a single metal-dielectric interface is well known and can be calculated explicitly [28] . For more complex waveguide geometries, the solutions must be evaluated numerically, due to the complexity of the associated dispersion relations [11, 16] . In this paper, we find accurate analytical approximations for the modal solutions of double-slot and single-slot waveguides. We use them to derive expressions for the critical gain that determines the pump power required to entirely suppress the waveguide losses, a parameter that has been previously estimated analytically only for the simplest case of a single metal-dielectric interface [25] . In addition, for the first time to the best of our knowledge, we formulate analytic expressions to calculate the modal gain of slot waveguides. We also derive analytic expressions to calculate the optimal geometrical parameters of double-slot waveguides that ensure the largest propagation length of SPPs and the compensation of metal losses with minimal gain.
Dispersion relation and classification of guided plasmon modes
Consider the planar plasmonic waveguide shown in figure 1, which consists of two dielectric layers separated by a metal layer, and bounded by metal regions that are sufficiently thick to be treated as infinitely extending. The propagation constant β of the transverse magnetic mode supported by the waveguide, which characterizes the guiding wavelength and the decay of SPPs having frequency ω, can be found by the dispersion equation [11] 
where
, c is the speed of light in vacuum; the ± signs are associated with the symmetric and antisymmetric modes with E z (x) = ±E z (−x) [12] (see figure 1) .
Due to the complexity of equation (1), one cannot find an exact analytical expression to calculate the propagation constant. However, it is possible to derive an approximate analytical solution for β, given by
where t = tanh √ − m kh and, as before, the ± signs denote the mode's symmetry. In deriving equation (2) , it was assumed that | m | d , d , and | m | m , which is true for noble metals at optical and telecommunication frequencies (e.g., at λ = 1.55 µm, m = −129 + 3.3i in silver [29] ). Furthermore, the decay length of the fields into the dielectric was assumed to be much smaller than the dielectric thickness d, and the wavelength and the propagation length of the SPPs L ± SPP = (2Imβ ± ) −1 were taken to be much larger than the wavelength of operation, which leads to α m ≈ √ − m k. One can readily verify that when the dielectric thickness is predominantly large (d → ∞), the value of the propagation constant given by equation (2) approaches the light line of the dielectric medium. When the metal layer is sufficiently thick, the solutions of both mode symmetries become similar, since t ± ≈ 1. According to the mode profiles corresponding to the two mode symmetries (not shown), a notable difference between the two with decreasing thickness of the metal layer is that SPPs of the symmetric mode become increasingly localized at the x = ±h interface, while that of the antisymmetric mode show a relatively even distribution among the interfaces x = ±h and ±(h + d).
In what follows, we investigate the waveguide performance related to waveguiding in the optically symmetric mode, after which the behavior of the antisymmetric mode is analyzed.
Symmetric mode
The predominant localization of the symmetric mode SPPs at interfaces x = ±h with decreasing thickness of the metal layer is associated with substantially high propagation losses. This leads to reduced propagation length of the mode, as evidenced by the solid curves in figure 2(a) that shows L + SPP values as a function of the parameter q = 2h/w. In the limit q → 100% (vanishing dielectric thickness), similar consequences arise due to increasingly high confinement of SPPs at both the interfaces x = ±h and ±(h + d). For a certain q = q 0 value amidst these two limiting scenarios, the effect of high modal losses originating from strong localization becomes the least, and the mode propagates the furthest (see figure 2(a) ). The performance of the waveguide can be significantly improved by fabricating with the optimum layer thicknesses corresponding to q 0 , for instance, a near five-fold increase of the propagation length of SPPs in a 400-nm-thick waveguide can be achieved by selecting q 0 = 23% over q = 90%.
By dashed curves in figure 2 (a), we show the approximate values of L + SPP calculated using equation (2) . It is noted that in the limits q → 0% and 100%, the approximate values deviate notably from the exact values. The shaded regions of the figure denote the low-accuracy domains where the error introduced by the approximation exceeds 10%, for waveguide thicknesses 100 nm < w < 400 nm. The increased error is due to the fact that the guiding wavelength and the propagation length of SPPs become comparable to the wavelength of operation, in which case our initial assumptions break. Nevertheless, it is important to note that the q 0 values corresponding to the aforementioned waveguide thicknesses are within the high-accuracy domain. This allows us to find an approximate analytical expression to estimate the values of 
where u = kw| m | 1/2 and t 0 = tanh(q 0 u/2). In figure 2(b) , we show the approximate values of q 0 with the exact ones, as a function of the waveguide thickness. The maximum values of L + SPP are shown by the red curve, which reduce with decreasing waveguide thickness as a trade-off for the increased localization of the mode.
One way to achieve high SPP propagation lengths in the strong confinement regime is to dope the dielectric by rare-earth ions and pump the medium to provide optical gain. The required pump power can be transferred to the medium either optically or electrically [31, 32] . Considering that the real part of the dielectric permittivity remains nearly unchanged during the pumping process, gain can be modeled by assuming the imaginary part of the permittivity of the form [16] 
where γ is the gain coefficient. The propagation length of SPPs increases with increasing gain, and becomes infinitely large when γ approaches a certain value known as the critical gain γ c [20] . The parameter γ c is a key performance indicator of the waveguide that determines the pump power required to overcome the losses. Its value can be estimated analytically by setting Im(β ± ) = 0 in equation (2), which gives
, and t = tanh kh| m | 1/2 . From equation (5), it is apparent that for both mode symmetries, the value of γ c can be lowered by choosing a dielectric with a refractive index as small as practicable. In the lossless case ( m = 0), the propagation of SPPs is sustained even in the absence of gain, as implied by equation (5) .
The demand for gain and the pump power to suppress the metal losses of the symmetric mode increase in the limits q → 0% and 100% (see solid curves in figure 3(a) ), in order to make up for the increased propagation losses. By adjusting the metal (dielectric) thickness, one may find an optimum guiding geometry for which the required pump power becomes minimal. The reduction of gain achievable by choosing optimal waveguide parameters can be significant, for example, the gain required for a 400-nm-thick waveguide when q 0 = 23% is only one-thirds of that required when q = 90%.
The approximate values of γ + c calculated using equation (5) are compared with the exact values in figure 3(a) . It is important to note that of for 200-, 300-, and 400-nm-thick waveguides, the minima of the exact and approximate curves occur nearly at the same q value, although they deviate notably for w < 100 nm due to high error of the approximation. Hence, for waveguides thicker than ∼100 nm, we can accurately predict the q 0 values by setting dγ + c /dq = 0 in equation (5), which gives
The improved accuracy of approximate values of q 0 for w 100 nm is evident from figure 3(b) . As the waveguide becomes thicker, the propagation losses decrease owing to weaker localization of the mode, and thus the gain required for overcoming the losses also decrease (red curve). By definition, the gain coefficient γ quantifies the gain experienced by a plane wave propagating in an unbounded gain medium. At the pump level corresponding to the critical gain, the actual gain seen by the plasmonic mode is given by the modal gain γ mod [15, 33] 
where is the confinement factor
0 is the permittivity of free space, E is the electric field vector and S z is the component of the Poynting vector along the direction of propagation. The value of is given by
where 
), and ± signs denote the mode's symmetry. Figure 4 (a) shows that the confinement factor improves as q → 0% and q → 100%, due to increased confinement of the SPP fields within the gain region. It is worth noting that the confinement factor decreases with increasing waveguide thickness. However, importantly, the value of exceeds 1 for waveguides as thick as ∼400 nm, which implies that the pump energy is efficiently used for the compensation of losses. The exact values of modal gain are depicted by solid curves in figure 4(b) , where it is observed that the gain experienced by the mode becomes minimal for a certain choice of geometrical parameters of the waveguide. Using equations (5) and (9) one may estimate the modal gain analytically, whose values are shown by the dashed curves in figure 4(b) .
Antisymmetric mode
The key difference of the antisymmetric mode compared to the symmetric mode is that with decreasing metal layer thickness, the propagation losses do not increase. This is evidenced by the comparison of the propagation length of SPPs (blue) and critical gain (red) of the two mode symmetries, shown in figure 5(a) . It is observed that regardless of the geometrical parameters of the waveguide, the SPPs corresponding to the antisymmetric mode suffer less from propagation losses, and hence are preferable over those corresponding to the symmetric mode. In the same panel, using dashed curves we plot approximate values of L − SPP and γ − c . For waveguide thicknesses ranging from 200 nm to 400 nm, the error introduced by the approximations is less than ∼10% for 20% < q < 75%, and the analytical expressions are sufficiently accurate.
The localization of SPPs corresponding to the antisymmetric mode becomes poor as q decreases, and also the concentration of SPP fields within the gain regions. As a result, the confinement factor monotonically decreases with decreasing q (see figure 5(b) ). However, it is important to note that regardless of the q value, the confinement factor remains greater than 1. The variation of modal gain follows a similar trend to the confinement factor, which is shown by the solid curves in figure 5(c) . Using the obtained expressions for the critical gain and the confinement factor (equations (5) and (9)), the modal gain can be estimated analytically, which is shown by the dashed curves in the same panel. From figure 5(a) , it is apparent that the most efficient guiding of SPPs corresponding to the antisymmetric mode is realized when the central metal layer is absent (q = 0), i.e., when the structure reduces to a single-slot (MDM) waveguide (see figure 6(a) ). Using the corresponding dispersion relation [34] , and again assuming that the decay length of the fields into the dielectric is much smaller than d, the propagation constant in this situation can be approximately found by
One may readily verify that when | m | m and | m | d , this is identical to the expression given by equation (2) in the limit h → 0. An approximate expression for the critical gain can be obtained by setting Im(β − ) = 0, which has the form
Equation (20) shows that regardless of the waveguide materials, γ − c is a monotonically decreasing function of d. In addition, for a given metal, the critical gain increases with d , which implies that the refractive index of the dielectric slab must be chosen as small as practicable to reduce γ − c . It is noted that equation (20) can be recovered from equation (5) in the limit h → 0, with the assumption | m | d . The approximate values of γ − c calculated using equation (20) are compared with exact numerical results in figure 6(a) .
Similar to the method outlined in section 3, by integrating the electric field vector over the pumped dielectric region, the confinement factor of the MDM waveguide can be found, whose value is given by
where figure 6(b) , it is seen that the confinement factor is greater than 1 for waveguide thicknesses up to 200 nm, which follows from the predominant concentration of fields within the gain region. Consequently, the modal gain exceeds the critical gain, as shown by the solid blue curve in figure 6(a) . The blue circles show the approximate values of modal gain calculated using equations (20) and (21) . The accuracy of the derived expressions diminishes for thicker waveguides since the decay length of SPP fields into the dielectric become comparable to the dielectric thickness, but nonetheless, modal gain can be estimated with high accuracy for waveguide thicknesses up to ∼200 nm. The modes of a double-slot plasmonic waveguide can be excited either (i) using the Kretschmann configuration [28, 35] or (ii) by directly coupling the modes of a dielectric waveguide into the plasmonic waveguide. If the central metal layer is thicker than the skin depth of metal, then in the first case the two waveguide slots will be excited independently of one another from two sides of the waveguide. In the second case, two tapered dielectric waveguides [36] or two dielectric slot waveguides [37] can be used to couple light into each arm of the double-slot waveguide, provided the dielectric layers are sufficiently thick. Alternatively, a single dielectric waveguide can be split, tapered, and coupled to the arms of the double-slot waveguide, in order to directly excite the desired SPP mode [38] .
Conclusions
To summarize, we have investigated the propagation of plasmonic modes in double-slot waveguides. We showed that for the propagation of SPPs corresponding to the symmetric mode, the geometrical parameters can be optimized to maximize the propagation length of SPPs and to minimize the gain required for the compensation of metal losses. We also derived approximate analytical expressions to calculate the optimal geometrical parameters of the waveguides. We showed that the propagation losses associated with the antisymmetric SPP mode of double-slot waveguides are smaller than those for the symmetric mode. Furthermore, we revealed that the decay of SPPs in double-slot waveguides become the slowest in the limiting case of single-slot waveguides. In both the cases of double-and single-slot waveguides, we derived accurate analytical expressions for the modal solutions, critical gain, and modal gain. We showed that the pump power required to overcome the losses can be lowered by choosing a dielectric with low refractive index. Our analytical results agree well with the exact results obtained numerically, and thus can be used for accurate estimation of key waveguide parameters and to optimize the waveguide design.
